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Abstract—This work addresses the problem of reachable
set-based consensus for positive multiagent systems affected by
typical classes of bounded disturbances. In the presence of
disturbances, a reachable set-based consensus with positivity
preservation is proposed to ensure that the state of the closed-
loop system remains positive while enclosing the reachable set of
the defined consensus error with an ellipsoidal bounding region.
Sufficient conditions are established to achieve the reachable
set-based positive consensus under the energy-bounded or peak-
bounded disturbance input. Equivalent design conditions are
provided, for which a heuristic algorithm is proposed for
computing and optimizing the bounding region. Simulations are
conducted to validate the obtained results.

Index Terms—Consensus, multiagent systems, positivity,
reachable set.

I. INTRODUCTION

A. Research Background and Literature Review

MULTIAGENT systems, which consist of multiple agents
via network communication protocols to accomplish

designated control goals, have attracted increasing attention
in recent decades. The great research interest is aroused
by the wide application of multiagent systems in smart
transportation technology [1], distributed mobile robotics [2],
and power system restoration [3]. Among various research
topics in multiagent systems, consensus as a fundamental
coordination problem is the main focus. The objective of
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the consensus problem in the control field is to develop
control protocols to ensure all agents reach an agreement.
It is well known that the Kronecker product is a basic
tool for dealing with the consensus problems of multiagent
systems. The Kronecker product is used to represent the
governing dynamics of all agents in a compact form, which
shares a similar idea with [4] using an augmented matrix
approach to compactly represent all possible working modes.
Additionally, the properties of the Kronecker product can facil-
itate the consensus analysis of multiagent systems. Research
on consensus problems has been conducted from different
perspectives, such as consensus for multiagent systems under
various types of communication topologies [5], [6], [7], con-
sensus for many types of systems, like hybrid multiagent
systems [8], time-delay multiagent systems [9], [10], etc, and
consensus over communication constraints via event-triggered
schemes [11], [12]. Note that the aforementioned literature has
reported the consensus of all agents without considering the
influence of external disturbances. For multiagent systems sub-
ject to inevitable disturbances, robust consensus with several
kinds of performance indexes like H2, H∞, weighted H∞ and
dissipativity performance has been reported in [13], [14], [15],
and [16], where the consensus can be achieved with satisfying
the corresponding disturbance attenuation levels.

Positive systems are a class of systems whose state and
output variables always stay in the non-negative orthant with
non-negative inputs [17], [18]. Extensive studies on posi-
tive systems have been carried out mainly for two reasons:
1) many practical dynamics such as compartmental epidemic
model [19], vehicular traffic flow model [20], and chemical
reactions contain non-negative physical quantities; 2) using
the positive feature has theoretical advantages in reducing
complexity and conservatism in system analysis and synthesis.
Apart from many studies on single positive systems, multiple
positive systems interconnected via communication protocols
are common and have gradually gained attention. Positivity-
preserving consensus for multiagent systems with single input
and multiple inputs have been investigated in [6], [21], and
[22]. Observer-based output feedback consensus for positive
multiagent systems has also been reported in [23] and [24],
where both controller and observer gains are designed to
maintain positivity and achieve consensus simultaneously.
However, the effect of disturbances on the positive multiagent
systems is rarely taken into account in the previous work.

Reachable set estimation and synthesis are fundamental top-
ics in control theory, widely applied in safety verification [25],
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motion planning [26], and collision avoidance [27]. When
dynamic systems are affected by bounded disturbance, most
studies focus on disturbance attenuation. However, sometimes
it needs to know where a physical quantity of the system
can reach in the presence of disturbances. The concept of
reachable set provides a tool to measure the evolution of
system state under bounded disturbances. Many reachable set
estimation and synthesis results have been reported to find
bounding regions for various kinds of systems subject to
bounded disturbances, like genetic regulatory systems [28],
switched systems [29], [30], periodic systems [31], [32], and
positive systems [33]. For multiagent systems that have
recently become a popular research focus, reachable set is
also a very useful concept to verify the motion of all agents
in the presence of disturbance. However, the reachable set
problem of multiagent systems has not been fully addressed. A
related work [34] without positivity constraint has been found,
of which only peak-bounded disturbances are addressed. The
peak-bounded disturbances often characterize some persistent
disturbances whose magnitude is always bounded. It is noted
that some disturbances can possess a significantly large mag-
nitude while acting over a very short duration, and may be
appropriately characterized as energy-bounded disturbances.
For energy-bounded disturbances, robust problems are often
studied based on H∞ and dissipativity performance indexes.
The reachable set-based robust synthesis in the presence of
energy-bounded disturbances is rarely investigated.

B. Research Motivations

This work will investigate the reachable set-based consensus
problem for positive multiagent systems, which aims to design
a distributed control protocol to preserve positivity constraint
and enclose the reachable set of the defined consensus error
with an ellipsoidal region. Compared with the reachable set
synthesis of single systems, the main challenges arise from
dealing with the Laplacian matrix of the communication graph
among agents to obtain controller parameters and establish
bounding ellipsoids. The research motivations are summarized
as follows:

1) Significance of Reachable Set-Based Consensus: For
multiagent systems affected by disturbances, a kind of
robust consensus is desired. The reachable set-based
consensus can characterize the bounding region of
consensus error to achieve a robust consensus in the
presence of disturbances.

2) Exploration of Novel Theoretical Techniques: Reachable
set-based consensus for positive multiagent systems
needs to establish conditions satisfying positivity con-
straints and reachable set bounding simultaneously,
which are more complex and hard to compute.

C. Novelties and Contributions

The primary novelties and contributions of this work are
outlined below.

1) Establish the framework of reachable set-based consen-
sus for positive linear multiagent systems in the presence

of disturbances, which is different from other results on
the consensus of positive multiagent systems without
dealing with disturbances [6], [21], [22].

2) Develop the controller design conditions to ensure reach-
able set-based consensus with positivity preservation for
both peak-bounded and energy-bounded disturbances,
while the related work [34] has no positivity constraint
and only considers peak-bounded disturbances.

3) Propose a heuristic algorithm to simultaneously compute
the controller gain and optimize the ellipsoidal bounding
region.

The remainder of this work is organized in the follow-
ing manner. Section II presents useful preliminaries and
formulates the reachable set-based consensus problem of
multiple positive agents. In Section III, the main results of
developing design conditions for reachable set-based positive
consensus are presented. Section IV proposes the optimization
method to minimize the bounding region. Section V includes
illustrative examples that showcase the effectiveness of the
proposed techniques, while Section VI serves as the conclud-
ing section.

Notations: R
n and R

n+ represent the set of n-dimensional
vectors with real and non-negative real components, respec-
tively. Rm×n and R

m×n+ denote the collection of m×n matrices
with all real and non-negative real entries, respectively. Matrix
A ∈ R

n×n is a Metzler matrix if its off-diagonal entries
are non-negative. In represents a n × n identity matrix. The
dimension 0 is appropriate for it to serve as a zero matrix. 1
represents the column vector of appropriate dimensions with
all elements being 1. The superscript T indicates the matrix
transpose. ⊗ represents the Kronecker product. For matrix A,
[A]ij means the entry in the ith row and the jth column. A � 0
means [A]ij ≥ 0 for all i and j. The matrix P is real symmetric
and positive-definite, denoted as P > 0. L2[0,∞) represents
space of square-integrable vector Lebesque functions over
[0,∞). ‖ · ‖2 denotes the L2-norm. An integer set is defined
as 1, Z � {1, 2, . . . , Z}, where Z is a positive integer. For
convenience, sym(M) � MT + M. The notation diag{. . .}
represents a block diagonal matrix with the input entries as
the diagonal blocks.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Communication Topology

This work focuses on an undirected, connected communica-
tion graph G = (V, E), in which V = {1, 2, . . . , N} represents
the collection of nodes, and E ⊆ V ×V denotes the collection
of edges. Two nodes i and j are adjacent, in other words, if
(i, j) ∈ E , agents i and j can communicate with each other.
The adjacency matrix A of the graph G is an N × N matrix,
with entries [A]ij = [A]ji = 1 if (i, j) ∈ E , and 0 otherwise.
The neighbors of node i can be represented by the set Ni =
{j ∈ V:(i, j) ∈ E}. The Laplacian matrix L of the graph G is
taken as an N × N matrix with the following entries: [L]ii =∑

j∈Ni
Aij and [L]ij = −Aij for any i 
= j. Regarding the

undirected, connected graph G, it is referred to [21] and [35]
that L is symmetric and positive semi-definite.
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B. Problem Formulation

Consider a multiagent system consisting of N agents, and
each agent is represented by the following positive linear
system:

ẋi(t) = Axi(t) + Buui(t) + Bωωi(t), i ∈ 1, N (1)

where xi(t) = [xi1(t) xi2(t) · · · xinx(t)]
T ∈ R

nx+ is the system
state vector, ui(t) ∈ R

nu is the control input vector, and
ωi(t) ∈ R

nω+ is the exogenous disturbance vector. A ∈ R
nx×nx

is a Metzler matrix, Bu ∈ R
nx×nu+ and Bω ∈ R

nx×nω+ are
non-negative matrices. Based on the definition and lemma
of positivity for linear positive systems [17], it is said that
system (1) is positive when its state x(t) is in the non-negative
orthant for all t ≥ 0, given any initial conditions x(0) � 0
and disturbance ω(t) � 0. Also, system (1) is positive if and
only if A is Metzler, Bu and Bω are non-negative. Moreover,
(A, Bu) is assumed to be stabilizable in this work.

A distributed state-feedback control protocol is considered
as follows:

ui(t) = K
N∑

j=1

[A]ij
(
xj(t) − xi(t)

)
, i ∈ 1, N (2)

where K is the controller gain to be determined. It is worth
noting that the considered control protocol (2) uses the same
controller gain K for all agents, which is quite common given
the homogeneity of the positive agents in (1).

By denoting the state vector, the control input vector, and
the disturbance vector of the multiagent system as x(t) =
[xT

1 (t) · · · xT
N(t)]T , u(t) = [uT

1 (t) · · · uT
N(t)]T , ω(t) =

[ωT
1 (t) · · · ωT

N(t)]T , the overall closed-loop dynamics under
the control (2) can be described by

ẋ(t) = (
IN ⊗ A − L ⊗ BuK

)
x(t) + (IN ⊗ Bω)ω(t). (3)

In this article, reachable set-based positive consensus
problem in the presence of disturbance is studied. The defined
positive consensus in [6] and [21] gives that the positive
consensus of agents is guaranteed if a controller matrix K can
be found such that the state trajectories are always in non-
negative orthant, and the consensus is reached, i.e.,

lim
t→∞(xi(t) − xj(t)) = 0 ∀i, j ∈ 1, N. (4)

However, due to the effect of disturbances, under the dis-
tributed state-feedback control protocol, (4) colorredis hard to
achieve. Robust consensus problems should be considered.

Motivated by robust consensus in [13], [34], and [36],
consensus error states ηi(t) � xi(t) − (1/N)

∑N
j=1 xj(t), i ∈

1, N are introduced. By denoting η(t) = [ηT
1 (t) . . . ηT

N(t)]T ,
the compact form of η(t) is η(t) = (M ⊗ Inx)x(t), where
M = IN − (1/N)11T . From (3) and ML = LM = L, the
consensus error dynamics of η(t) can be obtained as follows:

η̇(t) = (
IN ⊗ A − L ⊗ BuK

)
η(t) + (M ⊗ Bω)ω(t). (5)

Under the state-feedback control, it is important to focus on
assessing the reachable consensus error η(t) in the presence of
external disturbance input ω(t). Inspired by positive consensus
in [6] and [21] and reachable set problem in [34], this

article delves into the problem of reachable set-based positive
consensus. This problem aims to design the control protocol to
ensure that the system state is always in non-negative orthant
and simultaneously confines the reachable set of consensus
errors within a specified bounding region.

For each agent i, i ∈ 1, N, the reachable set of the consensus
error ηi(t) ∈ R

nx is defined as

Rηi � {ηi(t) | ηi(0) = 0, ηi(t), ωi(t) satisfy (5), t ≥ 0}. (6)

Meanwhile, regarding the bounding region, a common type
of ellipsoidal region is adopted in this article. An ellipsoidal
bounding region is defined as follows:

�(P) � {ζ ∈ R
nx | ζ TPζ < 1, P > 0}. (7)

It is obvious that for ηi(t) ∈ Rηi , if ηT
i (t)Pηi(t) < 1, Rηi ⊆

�(P).
A reachable set-based positive consensus is defined as

follows.
Definition 1: The achievement of reachable set-based pos-

itive consensus for system (1) under control (2) is recognized
when:

d1) The closed-loop system (3) is positive, i.e., (IN ⊗ A −
L ⊗ BuK) is a Metzler matrix, and (IN ⊗ Bω) is a non-
negative matrix.

d2) The reachable set-based consensus is achieved, that is,
for system (5) with zero initial conditions, the reachable
set Rηi , i ∈ 1, N of consensus error ηi(t) can be enclosed
by the ellipsoidal region �(P).

Remark 1: It is worth noting that the reachable set-based
consensus is a kind of robust consensus. In the presence
of bounded disturbances, the consensus error may no longer
converge to zero. This work investigates the reachable set
of the consensus error, which quantifies the reachability of
the consensus error under the effect of disturbances with an
ellipsoidal bounding region. Furthermore, it is essential to
maintain the positivity of agents. Therefore, the reachable
set-based positive consensus is proposed as Definition 1.
This provides an effective framework for achieving robust
consensus among positive agents while accounting for the
potential effects of disturbances.

According to Definition 1, the main research problem of this
work is finding a controller matrix K such that for system (1),
the reachable set-based positive consensus in terms of d1) and
d2) is achieved.

III. MAIN RESULTS

This section develops results on the reachable set-based
positive consensus and establishes the equivalent design con-
ditions.

A. Positivity Constraint

Regarding the positivity requirement of d1) in Definition 1,
motivated by [6] and [21], the following proposition for the
considered system (3) is given.

Proposition 1 [6], [21]: The positivity constraint of the
overall dynamic system (3) can be satisfied if and only if there
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exists a matrix K such that BuK � 0 and A − ξmaxBuK is
Metzler, where ξmax � max(ξi) and ξi �

∑N
j=1 [A]ij, i ∈ 1, N.

B. Reachable Set-Based Positive Consensus

With the positivity constraint satisfied by the established
condition in Proposition 1, this part explores the achievable
reachable set-based positive consensus under the influence of
two distinct classes of bounded disturbances.

With M = IN − (1/N)11T in (5), by referring to in [37,
Lemma 5], there exists an orthogonal matrix U such that

UTMU =
[

IN−1 0
0 0

]

, and (1/
√

N) is the last column of U.

Moreover, since L is the Laplacian matrix of an undirected,

connected graph, then UTLU =
[

L 0
0 0

]

, and L is positive

definite. Let U = [U1
1√
N

], and perform the orthogonal
transformation as follows:

η̂(t) = (UT ⊗ Inx)η(t) =
⎡

⎣
(UT

1 ⊗ Inx)η(t)(

( 1√
N

)T ⊗ Inx

)

η(t)

⎤

⎦ (8)

ω̂(t) = (UT ⊗ Inω)ω(t) =
⎡

⎣
(UT

1 ⊗ Inω)ω(t)(

( 1√
N

)T ⊗ Inω

)

ω(t)

⎤

⎦. (9)

Then, based on the error dynamic system (5), it can be
obtained that

˙̂η(t) = (UT ⊗ Inx)η̇(t)

= (UT ⊗ Inx)
(
IN ⊗ A − L ⊗ BuK

)
η(t)

+ (UT ⊗ Inx)(M ⊗ Bω)ω(t)

= (UT ⊗ Inx)
(
IN ⊗ A − L ⊗ BuK

)
(U ⊗ Inx)η̂(t)

+ (UT ⊗ Inx)(M ⊗ Bω)(U ⊗ Inω)ω̂(t)

= (
IN ⊗ A − UTLU ⊗ BuK

)
η̂(t)

+ (
UTMU ⊗ Bω

)
ω̂(t). (10)

By denoting (UT
1 ⊗ Inx)η(t) � η̂1(t), ((1/

√
N)T ⊗ Inx)η(t) �

η̂2(t), system (10) can be divided into the following systems:

˙̂η1(t) = (
IN−1 ⊗ A − L ⊗ BuK

)
η̂1(t) + (UT

1 ⊗ Bω)ω(t) (11)
˙̂η2(t) = 0. (12)

It can be noticed that (12) does not involve control input and
disturbance input.

Note that after transformation, the system (11)–(12) is
obtained based on system (5). To investigate the correla-
tion between η̂1(t), η̂2(t) and ηi(t), the following lemma is
proposed.

Lemma 1: If η̂1(t) in (11) satisfies η̂T
1 (t)(IN−1 ⊗ P)η̂1(t)

< 1, where P > 0, then ηT
i (t)Pηi(t) < 1, i ∈ 1, N, can be

obtained for ηi(t) in (5).
Proof: With η̂2(t) = ((1/

√
N)T ⊗ Inx)η(t), it holds that

η̂T
2 (t)Pη̂2(t) = η̂T

2 (t)P((1/
√

N)T ⊗ Inx)(M ⊗ Inx)x(t). Since
(1/

√
N)TM = 0, η̂T

2 (t)Pη̂2(t) = 0 < 1 is obtained. With
η̂T

1 (t)(IN−1 ⊗ P)η̂1(t) < 1, η̂T(t)(IN ⊗ P)η̂(t) < 1 holds. Since
η̂(t) = (UT ⊗ Inx)η(t), thus

∑N
i=1 ηT

i (t)Pηi(t) < 1. Therefore,
for each i ∈ 1, N, ηT

i (t)Pηi(t) < 1 can be obtained.
In the following, two types of disturbance inputs are studied.

1) Under Energy-Bounded Disturbance Input: In this sec-
tion, a typical class of energy-bounded disturbances is
considered. It is assumed that for each agent i, ωi ∈ L2[0,∞),
and

‖ωi‖2 ≤ ω̄ei, ω̄ei > 0. (13)

From (13), it can be obtained that ‖ω‖2 ≤ ω̄e, where ω̄e �√∑N
i=1 ω̄2

ei. Under the energy-bounded disturbances, reach-
able set-based positive consensus conditions for system (1) are
established in the following theorem.

Theorem 1: Consider system (1) with energy-bounded dis-
turbance ωi(t) satisfying (13). If there exist matrix P > 0, and
controller matrix K satisfying the following conditions:

BuK � 0 (14)

A − ξmaxBuK is Metzler, (15)
[

sym(PA − λiPBuK) PBω

BT
ωP − 1

ω̄2
e
Inω

]

< 0, i ∈ 1, N − 1 (16)

where λi are the eigenvalues of L, then the positivity of
system (3) can be guaranteed, and under zero initial conditions,
the reachable set Rηi , i ∈ 1, N can be bounded by the
ellipsoidal region �(P).

Proof: Based on Proposition 1, (14) and (15) are equivalent
to that system (3) is positive.

Then, construct a Lyapunov function V(t) = η̂T
1 (t)(IN−1 ⊗

P)η̂1(t), with P > 0. Along the trajectory of system (11), the
subsequent result can be derived

V̇(t) − 1

ω̄2
e
ωT(t)ω(t)

= η̂T
1 (t)

(
IN−1 ⊗ ATP − LT ⊗ KTBT

u P
)
η̂1(t) + ωT(

U1 ⊗
BT

ωP
)
η̂1(t) + η̂T

1 (t)
(
IN−1 ⊗ PA − L ⊗ PBuK

)
η̂1(t)

+ η̂T
1 (t)

(
UT

1 ⊗ PBω

)
ω(t) − 1

ω̄2
e
ωT(t)ω(t)

=
[
η̂1(t)
ω(t)

]T
[

� UT
1 ⊗ PBω

U1 ⊗ BT
ωP − 1

ω̄2
e
Inω

][
η̂1(t)
ω(t)

]

where � = IN−1 ⊗ sym(PA) − L ⊗ sym(PBuK).
To obtain V̇(t) − (1/ω̄e)ω

T(t)ω(t) < 0, the following
inequality holds:

[
� UT

1 ⊗ PBω

U1 ⊗ BT
ωP − 1

ω̄2
e
Inω

]

< 0. (17)

By using Schur complement equivalence, (17) can be rewritten
as follows:

� + ω̄2
e UT

1 U1 ⊗ (PBωBT
ωP) < 0. (18)

Since G is undirected and connected, matrix L is positive
definite. Therefore, an orthogonal matrix F can be found
such that FTLF = diag{λ1, λ2, . . . , λN−1} � 	, where λi,
i ∈ 1, N − 1 are the eigenvalues of matrix L. Conduct pre-
and post-multiplication (18) with (F ⊗ Inx)

T and (F ⊗ Inx).
According to the following results:

(F ⊗ Inx)
T�(F ⊗ Inx)

= IN−1 ⊗ sym(PA) − 	 ⊗ sym(PBuK) (19)
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and

(F ⊗ Inx)
T(

UT
1 U1 ⊗ PBωBT

ωP
)
(F ⊗ Inx)

= IN−1 ⊗ (PBωBT
ωP) (20)

Equation (18) can be rewritten as

IN−1 ⊗ sym(PA) − 	 ⊗ sym(PBuK)

+ ω̄2
e IN−1 ⊗ (PBωBT

ωP) < 0. (21)

It is noted that both (19) and (20) are block-diagonal
matrices. Based on the partitioned matrix theory, (18) is
satisfied with all N −1 block-diagonal matrices being negative
definite simultaneously, i.e.,

sym(PA − λiPBuK) + ω̄2
e PBωBT

ωP < 0 (22)

hold for i ∈ 1, N − 1. On the basis of Schur complement
equivalence, (22) are equivalent to (16).

Since (16) gives V̇(t)−(1/ω̄2
e )ω

T(t)ω(t) < 0, after integrat-
ing, it can be obtained that

V(t) − V(0) <
1

ω̄2
e

∫ t

0
ωT(τ )ω(τ)dτ (23)

holds for any t ≥ 0. Under zero initial conditions, one
has V(0) = 0. Noting that ‖ωi‖2 ≤ ω̄ei, one can get that
∫ ∞

0 ωT(t)ω(t)dt = ∑N
i=1 ω̄2

ei. Moreover, ω̄e =
√∑N

i=1 ω̄2
ei

holds. Therefore, (1/[ω̄2
e ])

∫ t
0 ωT(τ )ω(τ)dτ ≤ 1 for all t ≥ 0.

Thus, V(t) < 1, that is η̂T
1 (t)(IN−1 ⊗ P)η̂1(t) < 1 for all

t ≥ 0. According to Lemma 1, η̂T
1 (t)(IN−1 ⊗ P)η̂1(t) < 1 can

imply that ηi(t)TPηi(t) < 1, i ∈ 1, N. Therefore, the reachable
set of ηi(t), i ∈ 1, N in (5) under energy-bounded disturbance
input can be bounded by the ellipsoidal region �(P).

In summary, based on Definition 1, constraints (14)–(16)
can guarantee the reachable set-based positive consensus of
system (1) under energy-bounded disturbance input.

2) Under Peak-Bounded Disturbance Input: In this section,
a typical class of peak-bounded disturbances is considered. It
is assumed that

ωT
i (t)ωi(t) ≤ ω̄pi, ω̄pi > 0. (24)

From (24), it is obtained that ωT(t)ω(t) ≤ ω̄p, where ω̄p �
∑N

i=1 ω̄pi. The following theorem develops the reachable set-
based positive consensus conditions for system (1) under
peak-bounded disturbances.

Theorem 2: Consider system (1) with peak-bounded distur-
bance ωi(t) satisfying (24). Given a scalar α > 0, if there exist
matrix P > 0, and controller matrix K, satisfying (14), (15),
and the following conditions:
[

sym(PA − λiPBuK) + αP PBω

BT
ωP − α

ω̄p
Inω

]

< 0, i ∈ 1, N − 1

(25)

where λi represents the eigenvalues of L, then the positivity of
system (3) can be guaranteed, and under zero initial conditions,
the reachable set Rηi , i ∈ 1, N can be bounded by the
ellipsoidal region �(P).

Proof: Consider theLyapunovcandidateV(t) = η̂T
1 (t)(IN−1⊗

P)η̂1(t), with P > 0. Along the trajectory of (11), one has

V̇(t) + αV(t) − α

ω̄p
ωT(t)ω(t)

=
[
η̂1(t)
ω(t)

]T[
� + α(IN−1 ⊗ P) UT

1 ⊗ PBω

U1 ⊗ BT
ωP − α

ω̄p
Inω

][
η̂1(t)
ω(t)

]

.

To guarantee V̇(t) + αV(t) − (α/ω̄p)ω
T(t)ω(t) < 0, the

following inequality needs to be satisfied:
[
� + α(IN−1 ⊗ P) UT

1 ⊗ PBω

U1 ⊗ BT
ωP − α

ω̄p
Inω

]

< 0. (26)

With the similar manipulation of Proof in Theorem 1, (26)
is equivalent to inequalities (25). Thus, V̇(t) + αV(t) −
(α/ω̄p)ω

T(t)ω(t) < 0 is obtained.
Based on V̇(t)+αV(t)− (α/ω̄p)ω

T(t)ω(t) < 0, there exists
V(t) > 0 such that

V̇(t) + αV(t) − α

ω̄p
ωT(t)ω(t) + V(t) = 0. (27)

After integrating (27), one can get that

V(t) = e−αtV(0) +
∫ t

0
e−α(t−τ)

(
α

ω̄p
ωT(τ )ω(τ) − V(τ )

)

dτ

≤ e−αtV(0) + α
∑N

i=1 ω̄pi

N∑

i=1

ω̄pi

∫ t

0
e−α(t−τ)dτ

= e−αtV(0) + α

α
(1 − e−αt). (28)

Under zero initial conditions, V(0) = 0. Moreover, e−αt > 0
with α > 0. Thus, based on (28) V(t) < 1 can be obtained
for all t ≥ 0, that is η̂T

1 (t)(IN−1 ⊗ P)η̂1(t) < 1. According to
Lemma 1, the reachable set Rηi , i ∈ 1, N under peak-bounded
disturbance input can be bounded by �(P).

Therefore, in terms of Definition 1, constraints (14), (15)
and(25)canguarantee thereachableset-basedpositiveconsensus
of system (1) under peak-bounded disturbance input.

C. Equivalent Design Conditions

The reachable set-based positive consensus conditions
of multiagent system (1) under energy-bounded and peak-
bounded disturbance inputs have been developed in Theorem 1
and Theorem 2, respectively. It can be observed that conditions
in Theorem 1 and Theorem 2 are nonconvex and hard to
compute directly. To achieve the control protocol design, the
following equivalent conditions will be established to promote
the computation of controller gain K.

Theorem 3: Theorem 1 is equivalent to the following con-
ditions: if there exist matrices W, �i, i ∈ 1, N − 1, Q > 0 and
a diagonal matrix X > 0 such that

BuW � 0, (29)

AX − ξmaxBuW is Metzler, (30)
⎡

⎣
ϒi Bω λiBuW − Q
BT

ω − 1
ω̄2

e
Inω 0

λiWTBT
u − Q 0 − X

⎤

⎦ < 0

i ∈ 1, N − 1 (31)
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where ϒi = sym(AQ − λiBuW�T
i BT

u ) + Bu�iX�T
i BT

u , are
satisfied.

To achieve the reachable set-based positive consensus, under
the above-obtained conditions (29)–(31), the controller gain is
determined as follows:

K = WX−1. (32)

Proof: First, we need to prove that (14) and (15) are
equivalent to (29) and (30). Since W = KX, then it gives that
BuW = BuKX, AX−ξmaxBuW = AX−ξmaxBuKX. By referring
to [21], with X being a diagonal matrix and X > 0, it is easy
to obtain that BuK � 0 and A − ξmaxBuK is Metzler, which
are equivalent to (29) and (30).

Next, the equivalence between (16) and (31) needs to be
clarified.

(16) ⇒ (31): For (16), pre- and post-multiplying with
diag(Q, Inω), where Q = P−1 > 0, it holds that

[
sym(AQ − λiBuKQ) Bω

BT
ω − 1

ω̄2
e
Inω

]

< 0. (33)

Based on (33), a diagonal matrix X > 0 and a sufficiently
large scalar κ > 0 can always be found such that

[
sym(AQ − λiBuKQ) Bω

BT
ω − 1

ω̄2
e
Inω

]

−
[−Q

0

]

(−κX )−1[−Q 0
]

< 0 (34)

since

[−Q
0

]

(−κX )−1
[−Q 0

] =
[− 1

κ
QX−1Q 0

0 0

]

, and a

sufficiently large κ generates (1/κ) → 0. By letting X =
κX , and applying the Schur complement equivalence, inequal-
ity (34) is equivalent to

⎡

⎣
sym(AQ − λiBuKQ) Bω − Q

BT
ω − 1

ω̄2
e
Inω 0

−Q 0 − X

⎤

⎦ < 0. (35)

Pre- and post-multiplying (35) with upper triangular matrix⎡

⎣
Inx 0 − λiBuK
0 Inω 0
0 0 Inx

⎤

⎦ and its transpose, one can get that

⎡

⎢
⎣

sym(AQ) − λ2
i BuKXKTBT

u Bω λiBuKX − Q
BT

ω − 1
ω̄2

e
Inω 0

λiXKTBT
u − Q 0 − X

⎤

⎥
⎦.

< 0. (36)

By letting �i = λiK and W = KX, it follows that:

Bu(�i − λiK)X(�i − λiK)TBT
u = 0 (37)

which gives λ2
i BuKXKTBT

u = sym(λiBuW�T
i BT

u ) −
Bu�iX�T

i BT
u . Therefore, (31) can be obtained from (36)

and (37).
(31) ⇒ (16): Since (31) holds and W = KX, by

substituting W with KX in (31), X > 0 can always
give that Bu(�i − λiK)X(�i − λiK)TBT

u ≥ 0. Thus, with
λ2

i BuKXKTBT
u ≥ sym(λiBuW�T

i BT
u ) − Bu�iX�T

i BT
u , (31) can

give that (36) holds. Pre- and post-multiplying (36) with

⎡

⎣
Inx 0 λiBuK
0 Inω 0
0 0 Inx

⎤

⎦ and its transpose, the inequality (35) can

be obtained. After using Schur complement equivalency, (33)
holds. Pre- and post-multiplying (33) with diag(P, I), (16) can
be guaranteed.

In summary, the equivalence of conditions in Theorem 3
and conditions in Theorem 1 has been established.

Theorem 4: Theorem 2 is equivalent to the following con-
ditions: given a scalar α > 0, if there exist matrices W, �i,
i ∈ 1, N − 1, Q > 0 and a diagonal matrix X > 0 such
that (29), (30) and

⎡

⎣
ϒi + αQ Bω λiBuW − Q

BT
ω − α

ω̄p
Inω 0

λiWTBT
u − Q 0 − X

⎤

⎦ < 0,

i ∈ 1, N − 1 (38)

hold. To achieve the reachable set-based positive consensus,
under conditions (29), (30) and (38), the controller gain is
determined by K = WX−1.

The proof of Theorem 4 is analogous to that of Theorem 3
and thus is omitted here.

Remark 2: Theorem 3 and Theorem 4 provide the con-
troller design conditions for achieving the reachable set-based
positive consensus in the presence of energy-bounded and
peak-bounded non-negative disturbances, respectively. It is
noted that the derived positivity conditions (29) and (30) are
similar to those in [21], as the non-negative Bω in the original
system (1) naturally guarantees that (IN ⊗Bω) is non-negative
in the closed-loop system (3). However, conditions (31) in
Theorem 3 and (38) in Theorem 4 can ensure the reachable
set-based consensus, which differ from the consensus condi-
tion in [21]. Moreover, in the presence of energy-bounded
disturbances, the condition (25) cannot be simply converted
to a decoupling condition (16) as in [34], as the positivity
constraint cannot be incorporated equivalently using the design
method of Theorem 1 in [34]. Therefore, the above equivalent
design conditions are developed.

IV. OPTIMIZATION OF BOUNDING REGION

The reachable set Rηi , i ∈ 1, N of the consensus error
ηi(t) are bounded by the ellipsoidal region �(P), where P =
Q−1. In this section, the optimization problem to minimize
the bounding region �(P) is investigated. By regarding Q as
a decision variable, it holds that

Q − εInx ≤ 0, ε > 0. (39)

With P = Q−1, and Schur complement equivalence, (39) can

be rewritten as

[−Q−1 Inx

Inx − εInx

]

< 0. Then, it holds that P ≥
(1/ε)Inx . A smaller bounding region �(P) can be obtained
by maximizing (1/ε). The minimization goal of the bounding
region can be achieved through the following optimization
problem:

minimizing ε subject to
{

(29)−(31), (39), based on Theorem 3
(29), (30), (38), (39), based on Theorem 4.
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Algorithm 1

Step 1: Set the initial iteration label m = 1, and ρ(0) = 0.
Compute a matrix H to guarantee that A − λiBuH are
Hurwitz. Set �

(1)
i = λiH.

Step 2: With fixed �i = �
(m)
i , solve the following problems:

C1) Under the energy-bounded disturbance input (Based
on Theorem 3): Minimize ρ(m) to solve matrices
W, Q > 0 and diagonal matrix X > 0 subject to
(29), (30) and

⎡

⎢
⎣

ϒi Bω λiBuW − Q
BT

ω − 1
ω̄2

e
Inω 0

λiWT BT
u − Q 0 −X

⎤

⎥
⎦

< ρ(m)I2nx+nu .

C2) Under the peak-bounded disturbance input (Based
on Theorem 4): Minimize ρ(m) to solve matrices
W, Q > 0 and diagonal matrix X > 0 subject to
(29), (30) and

⎡

⎣
ϒi + αQ Bω λiBuW − Q

BT
ω − α

ω̄p
Inω 0

λiWT BT
u − Q 0 −X

⎤

⎦

< ρ(m)I2nx+nu .

Step 3: If ρ(m) ≤ 0, we find a set of feasible solution, go to
Step 5. Otherwise, go to the next step.

Step 4: If |ρ(m) − ρ(m−1)| < ς , where ς > 0 is a prescribed
small tolerance, the algorithm fails to find a feasible solu-
tion. STOP. Otherwise, update �

(m+1)
i with �

(m+1)
i =

λiWX−1, and set m = m + 1, then go back to Step 2.
Step 5: With the obtained feasible �i, solve the following

optimization problems:
C1) Under the energy-bounded disturbance input:

Op: minimize ε for solving matrices W, Q > 0
and diagonal matrix X > 0 subject to (29)–(31) of
Theorem 3 and (39).

C2) Under the peak-bounded disturbance input:
Op: minimize ε for solving matrices W, Q > 0 and
diagonal matrix X > 0 subject to (29), (30), (38) of
Theorem 4 and (39).

Step 6: Output the solution of W, Q, X and performance index ε.
Compute the control gain K = WX−1 and the ellipsoidal
region �(Q−1).

A heuristic algorithm (Algorithm 1) is developed to achieve
the computation and optimization of reachable set-based
positive consensus problems.

V. ILLUSTRATIVE EXAMPLES

This section provides a numerical example in a multiinput
case and a positive electric circuit system in a single-input
case to validate the efficiency of the proposed method.

Example 1: Consider a positive multiagent system in a
multiinput case with three agents. Each agent is given in the
form of (1) with the parameters:

A =
⎡

⎣
−2 2 1
0.5 − 1 1
1 1.5 − 1.5

⎤

⎦, Bu =
⎡

⎣
1 2

0.5 1
2 1.5

⎤

⎦, Bω =
⎡

⎣
1

0.5
0.5

⎤

⎦.

Fig. 1. All agent state components of open-loop system (C1).

The communication graph is supposed to be undirected and
connected, and the Laplacian matrix is given below

L =
⎡

⎣
2 − 1 − 1

−1 1 0
−1 0 1

⎤

⎦.

It can be obtained that A is Metzler, Bu and Bω are non-
negative. Performing the transformation of L, the eigenvalues
of L can be obtained as, λ1 = 1 and λ2 = 3.

In Algorithm 1, the initial values of matrices �i, i = 1, 2,
which guarantee A − λiBuH are Hurwitz, are obtained as
follows:

�
(1)
1 =

[
0.0844 0.2184 − 0.1753

−0.2274 0.8023 0.4545

]

�
(1)
2 =

[
0.2533 0.6553 − 0.5258

−0.6822 2.4068 1.3634

]

.

Two kinds of disturbance input including energy-bounded
and peak-bounded disturbances are considered for simulation
verification.
C1) Under Energy-Bounded Disturbance Input: Consider

the disturbance input of each agent as: ω1 = 2e−1.6t,
ω2 = 0.2e−0.4t, ω3 = 20e−40t, which indicates ω̄e =√

1.25 + 0.5 + 0.5 = 1.5. The agent dynamics without
control can be illustrated via Fig. 1. It can be seen that
the open-loop system is positive but nonconsensus in
Fig. 1. After conducting the iteration of Algorithm 1
based on Theorem 3, the following results can be
obtained:

K =
[

0.0693 − 0.0028 2.0884
0.0017 0.5006 − 0.7942

]

and ε = 1.1994, P = Q−1 =⎡

⎣
33.2476 − 34.8079 − 13.6362

−34.8079 41.4192 9.3571
−13.6362 9.3571 15.2846

⎤

⎦. Under zero
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Fig. 2. All agent state components of closed-loop system (C1).

Fig. 3. Reachable set Rηi , i = 1, 2, 3 and ellipsoidal region �(P) of closed-
loop system (C1).

initial conditions, the closed-loop system dynamics with
the obtained K are demonstrated in Figs. 2 and 3.
Under the given energy-bounded (exponential decay
type) disturbances, it can be observed that with the
obtained K, the consensus with positivity preservation of
the closed-loop system is achieved in Fig. 2. Moreover,
regarding the reachability of the consensus error when
the energy-bounded disturbances are present, for each
agent i, i = 1, 2, 3, the reachable set Rηi (all trajectories)
of consensus error ηi(t) generated by the error dynamic
system is depicted in Fig. 3. The obtained ellipsoidal
region �(P) is also included in Fig. 3. It appears that
the reachable set Rηi , i = 1, 2, 3, is confined within the
ellipsoid �(P). Thus, the reachable set-based positive
consensus is achieved.

Fig. 4. All agent state components of open-loop system (C2).

C2) Under Peak-Bounded Disturbance Input: Consider the
disturbance input of each agent as: ω1 = 0.3| sin 4t|,
ω2 = 0.4| cos 4t|, ω3 = 1.2| sin 4t|, which indicates
ω̄p = 1.69. The considered disturbance is rectified
sinusoidal wave type, which is peak-bounded but not
energy-bounded. Without control, the agent dynamics of
the open-loop system under peak-bounded disturbances
are demonstrated in Fig. 4. It is obvious that all agents
are not consensus. Given α = 1, with the same initial
values of matrices �i, after iteration of Algorithm 1
based on Theorem 4, the controller gain can be generated
as follows:

K =
[

0.0627 − 0.0013 14.1702
0.0023 0.5002 − 6.8351

]

,

and ε = 1.7869, P = Q−1 =⎡

⎣
12.5110 − 15.0321 − 3.7904

−15.0321 19.6835 3.2691
−3.7904 3.2691 12.1161

⎤

⎦. With the

obtained K and P, under zero initial conditions, the
agent dynamics of the closed-loop system are displayed
in Fig. 5. It can be seen that the positivity is preserved,
and the consensus is not strictly guaranteed due to
the constant fluctuation of rectified sinusoidal wave-
type disturbance input. However, after control, the
reachable set Rηi , i = 1, 2, 3 of the consensus error ηi(t)
are always resides in a small ellipsoidal region �(P)

in Fig. 6. According to the proposed definition, the
reachable set-based positive consensus of the considered
system has been achieved.

Example 2: Consider a positive multiagent system whose
agents are positive electric circuits [24]. It is assumed that
the system is affected by non-negative disturbance input. The
disturbance input ω(t) comes into the system from the input.
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Fig. 5. All agent state components of closed-loop system (C2).

Fig. 6. Reachable set Rηi , i = 1, 2, 3 and ellipsoidal region �(P) of closed-
loop system (C2).

The system parameters are given below

A =
[
−R1

L1

R1
L1

R1
L2

− R1
L2

]

=
[−1 1

1 − 1

]

, Bu = Bω =
[ 1

L1

0

]

=
[

1
0

]

.

The considered system contains three positive electric circuit
agents. The communication topology over agents is undirected,
and the Laplacian matrix is

L =
⎡

⎣
2 − 1 − 1

−1 2 − 1
−1 − 1 2

⎤

⎦.

It is observed that ξmax = 2. Performing the transformation of
L, the eigenvalues of L are λ1 = λ2 = 3.

In this system, the peak-bounded disturbance input is
considered. The disturbance signal of each circuit agent is
given as follows: ω1 = 0.6| sin 2t|, ω2 = 0.4| sin t|, ω3 =

Fig. 7. All agent state components of open-loop system.

Fig. 8. All agent state components of closed-loop system.

0.8| sin 0.5t|, which gives ω̄p = 1.16. As seen in Fig. 7, the
state trajectories of the open-loop system are fluctuating due
to the rectified sinusoidal disturbance input, and fail to reach
a consensus.

Then, given α = 1, by minimizing ε via Algorithm 1 based
on Theorem 4, the controller gain is obtained as follows:

K = [
0.1191 0.4195

]

and ε = 0.9140, P = Q−1 =
[

2.3402 − 1.1701
−1.1701 2.1928

]

.

Under the obtained controller, the agent dynamics of the
closed-loop system are given in Fig. 8. The state trajectories
of closed-loop systems also fluctuate with the rectified sinu-
soidal disturbance input and distributed state-feedback control
protocol. The strict consensus cannot be achieved under such
disturbance input. However, the reachable set Rηi , i = 1, 2, 3
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Fig. 9. Reachable set Rηi , i = 1, 2, 3 and ellipsoidal region �(P) of closed-
loop system.

of the consensus error ηi(t), and the obtained ellipsoid �(P)

are shown in Fig. 9. Observing Figs. 8 and 9, it is evident that
the positivity of the closed-loop system is preserved and the
reachable set Rηi , i = 1, 2, 3 are enclosed by the bounding
region �(P). The reachable set-based positive consensus is
therefore achieved.

VI. CONCLUSION

This work has studied the reachable set-based consensus
problem for positive multiagent systems subject to bounded
external disturbances. A distributed control protocol has been
developed to achieve the reachable set-based consensus by
ensuring that the closed-loop system remains positive and
the consensus error is bounded within an ellipsoidal region.
The equivalent conditions are obtained to promote the control
design, and a heuristic algorithm is proposed to achieve
effective computation and optimization of the ellipsoidal
region. Simulation results have been supplied to illustrate
the effectiveness of the developed scheme. Future work
will extend to reachable set-based synthesis problems for
multiagent systems with directed communication topologies or
other communication topologies, such as switching topologies.
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