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Abstract: In this work, a Bernstein polynomial approach is first applied to the estimation of reachable set for a class of periodic
piecewise polynomial systems, whose subsystems are time-varying and can be expanded to Bernstein polynomial forms. A
lemma on the negativity/positivity for a class of Bernstein polynomial matrix functions is presented. Based on the integration
of the presented lemma and the theory of matrix polynomials, two tractable sufficient conditions are developed. Four sets of
constraints with different conservatism are derived and compared. The effectiveness and lower conservatism of the proposed

approach in reachable set estimation are illustrated.
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1 Introduction

Continuous-time periodic systems are common in prac-
tice, and usually more difficult to be tackled than discrete-
time ones [1]. The periodic piecewise polynomial system
(PPPS) is inspired by intuitive characterization of period-
ic time-varying dynamics in polynomial forms. Dividing
the fundamental period into several subintervals, it is favor-
able to approximate a periodic system by a number of time-
varying polynomial subsystems, where each subsystem is
described as a matrix polynomial function with a prescribed
degree. Driven by the needs in safety monitoring and verifi-
cation, the reachable set estimation of periodic systems has
drawn increasing attention, but mostly in the discrete-time
domain [2]. In the authors’ previous work [3], a reachable
set estimation approach is developed for continuous-time pe-
riodic piecewise linear time-varying systems. However, the
approach cannot deal with PPPSs involving high-order poly-
nomial subsystems. Aimed at tackling PPPSs, this work de-
velops a Bernstein polynomial approach by proposing a lem-
ma based on the Bernstein polynomial basis [4], enabling
lower conservatism than the existing method [5, 6]. Two
tractable sufficient conditions are developed, and four sets
of constraints are derived. For comparison of conservatism,
the reachable set estimation is achieved through optimizing
the ellipsoidal bounding region.

Notation: R" denotes the n-dimensional Euclidean space.
N and N denote the set of natural numbers (including zero)
and the set of positive integers, respectively. For n € N, n!
denotes the factorial of n. I and 0 denote an n x n identi-
ty matrix and a zero matrix, respectively (if the subscript is
omitted, the dimension is consistent with the context). P7
and P! are the transpose and inverse of matrix P, respec-
tively, and sym(P) = P + P. For real symmetric matrices
P and @, the notation P > @ (resp., P > () means that
the matrix P — @ is positive semi-definite (resp., positive
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definite). 223" |1, 2] denotes the set of m X n matrix
polynomials of degree no greater than /N over the interval
[T1, T2].

2 Problem Formulation and Preliminaries
Consider a T),-periodic time-varying system:

2(t) = A(t)x(t) + 2(t)w (1), M

where x(t) € R", w(t) € R™ are the state vector and
the disturbance vector, respectively; A(¥) At + 1),
£2(t) = £2(t + T,) are continuously periodic time-varying
matrix functions for ¢ > 0. With a known scalar bound
@ > 0, peak-bounded disturbance w(t) satisfies

wl(tw(t) <@, Vvt >0. )

Partitioning each time interval of fundamental period 7}, in-
to S subintervals denoted as [IT), + t;—1,1T), + t;), I
0,1,2,...,i=1,2,...,5, where ty = 0, tg = T},. The d-
well time of the i-th subinterval is defined as T; = t; — t;_1,
ieS={1,2,...,5},and Zf:l T; = T),. Periodic system
(1) is approximated by the following PPPS:

x(t) = Al(t)x(t) + Qi(t)w(t),t S [lTp +ti—1, lTp + ti),
3

where the matrix functions over the i-th subinterval satisfy:

Ai(t)

Aio+oi(t)Aix + -+ UZN% () Ai, N,

ol(t)Aij € PR (1T + ti1, 1Ty + i), (4)

Mg XNy

ol (), € Py " [ITy + tioa, 1Ty + 1), (5)

with o;(t) £ (¢t — T, — t;—1)/T; and constant matrices
Ai; € Rexns Q0 € ReXme j € 8, j € N; &
{0,1,...,N;}, N; € N. Over the i-th subinterval of the
period from (T, to (I + 1)T},, A(t) = Ai(t), £2(t) = £2,(¢),
meanwhile A;(¢) and (2;(t) respectively described by (4)
and (5) are right continuous. Moreover, take A(t) for ex-
ample, if Al,O = Z;V:SO AS’]’, Ai,O = Z;V:lal Aifl’j, i =



2,3,...,5, then A(t) will be continuous at all switching in-
stants for t € [0, c0) with m, g - Ai(t) = A (1T, +
t;), i € S. One may choose the continuity of A(¢) and/or
£2(t) at switching instants based on the requirements of anal-
ysis and synthesis in practice. The state of PPPS (3) is con-
tinuous for ¢t > 0, with reachable set

R. £ {z € R™ | 2(0) = 0,2(t) and w(t)
satisfy (3) and (2),Vt > 0}. (6)

To estimate the reachable set of PPPS (3), an intuitive
method is sought for a bounding region as small as possible
for R, which can be described by % £ U0<t<Tp E(P(t)),
where

E(P(t) 2 {z eR™ | 2"P(t)x < 1,P(t) >0}, (7)
with a continuous time-varying matrix function P(¢).

Lemma 1 (Negativity/positivity property for a class of ma-
trix polynomials [5, 6]) Consider a bounded n-th degree
symmetric matrix polynomial function f : [0,1] — Rxd
as
f(B) =Z0+BE1 + B*Ea+ -+ B"E,, 3)
where 3 € [0,1] is a scalar, and =, € RY*? are real sym-
metric matrices, k = 0,1,...,n, n € N, d € N*. Sym-
metric matrix polynomial function f(8) < 0 (resp., > 0)
if
k
> E4<0(resp.,>0), k=0,1,....n. ©)
q=0

3 Main Results

Consider a scalar 8 € [0, 1] and constant matrices Zj, €
R¥>4 k =0,1,...,n,n € N, d € N*t. Any n-th degree
matrix polynomial in the following form can be expanded to
a Bernstein polynomial:

FB) =B, =" Bi(B)A, (10)
k=0 k=0

where the Bernstein polynomial basis can be characterized
by

By(8) = (Z)B’“(l -pnt an

with binomial coefficient (Z) = #Lk),, and Bernstein co-
efficient matrices Ag, £k = 0,1, ..., n, can be obtained by

N
k_27:q7k_0,17...,n. (12)

= ()

Based on the previous studies on Bernstein polynomials [7,
8], one can derive the following lemma.

Lemma 2 (Negativity/positivity property on the Bernstein
polynomial basis) Consider an n-th degree symmetric matrix
polynomial function f : [0,1] — R¥*4 defined in (8) with
scalar 3 € [0,1] and real symmetric matrices =), € R*4,
k=0,1,....,n,n €N, d e N*. Symmetric matrix polyno-
mial function () < 0 (resp., > 0) if

k k
ZQEQ <0 (resp.,>0), k=0,1,...,n.  (13)

q=0 (Z)

Construct a Lyapunov function V (t) = 2T (t)P(t)z(t),
where P(t) = P(t+1T,) > 0. Fort € [IT, +t;—1,1T,+t;),
suppose V () = V;(t) = 2T ()Pi(t)z(t), P(t) = Pi(t) =
S oo O () P € Py " (1T +1—1, 1T, +1;) with real
symmetric matrices P; ,,, € R"*"* ¢ € S, m € M, =
{0, 1,... ,Mi}, M; € N, and

M;
Pio= Y Psm, (14)
m=0
M;_1
Po= ) Prim i=23....8, (5
m=0
S M;
S Pm=0, (16)
=1 m=1

which guarantee the continuity of P(¢), V¢ > 0. Hence, P(t)
is a continuous and Dini-differentiable 7},-periodic piece-
wise matrix polynomial function for ¢ > 0. To guarantee
P(t) > 0 while minimizing the bounding region of R, one
may use either a scalar upper bound € > 0 or a real symmet-
ric matrix P to characterize the region. Consider

P I
L d} >0, (17

where ¢ = ¢! > 0, and P > 0. Based on Lemma 2, one
has

> ((](4”2)Pi,m—P20, r=0,1,...,M;, i €S. (18)
m=0 \m

Alternatively, based on the existing Lemma 1 one has

> Pm—-P>0,r=01,....M;,i€S. (19

m=0

Apply Schur complement equivalence to (17) and combine
the resulting inequality with (18) or (19). Either set of con-
straints (17) and (18), or (17) and (19), enables that for al-
li e S P(t) = Pi(t) > P > el > 0, which ensures

exT (t)x(t) < 2T (t)Px(t) < z _(t)P(t)x(t) < 1 to satisfy
(7).

Theorem 1 Consider PPPS (3) with N; > 1, M; > 1,
i € S, and peak-bounded disturbance w(t) satisfying (2).
Given scalars «; > 0, i € S, the system is asymptotically
stable with bounded reachable set satisfying (7), if there exist
scalar € > 0, matrix P> 0, and symmetric matrices P; ,,,
i €S, m € M,, such that conditions (14)—(17), condition
(18) or (19), and the following inequalities hold:

£ ()
Z(M;W@i,q<o, k=0,1,...,M; +N;, (20)

q=0 q
where
owsl wil e
and
Ajo = aiPo+ T%Pi’l +sym(P; 04;0), (22)

9079



k+1
Aik=a; P+ P k41 + Z sym (P; i Ai j),

T; .
jt+m=k
JEN; meM;
k=1,2,...,M; — 1, (23)
Aj v, = P, + Z sym (P; m Aij), (24)
Jj+m=M;
JEN; meM;
Ay = Z sym (P; o Aij), k=M, +1,...,M; + N;;
jt+m=k
JEN; mEM,;
(25)
Tio= P80, (26)
Tz‘,k = Z Pi,in,j, k=1,2,...,M; + Ny; 27)
j+m=k
JEN; mEM;
(673
P 0=——1, (28)
w
P, ,=0,k=1,2,...,M; + N;. 29)

Theorem 2 Consider PPPS (3) with peak-bounded distur-
bance w(t) satisfying (2). Given scalars a; > 0,1 € S, the
system is asymptotically stable with bounded reachable set
satisfying (7), if there exist exist scalar ¢ > 0, matrix P >0,
and matrices P; p,, © € S, m € M, such that conditions
(14)—(16), condition (18) or (19), and the following inequal-
ities hold:

k
D g <0, k=01,...,M+N;
q=0

(30)

where ©; , < 0, k =0,1,...,M; + N;, are described by
(21)—(29).

Combine Theorem 1 and Theorem 2 with ¢ = ¢~ . Given
a scalar u € {0,1}, the optimization problem of reachable
set estimation can be solved subjected to four sets of con-
straints:

(1 - p)e — pln(det(P))
Case 1: (14)—(16), (18), (20)
Case 2: (14)—(16), (19), (20)
Case 3: (14)—(16), (18), (30)
Case 4: (14)—(16), (19), (30)

Minimize subject to

The comparative results are illustrated in Figs. 1-2. It can be
observed that the bounding ellipsoids for Case 1 (resp. Case
2) are smaller than those for Case 3 (resp. Case 4), showing
the lower conservatism in reachable set estimation achieved
by condition (20) based on Lemma 2, compared to condition
(30) based on Lemma 1.

4 Conclusion

This work first uses a Bernstein polynomial approach to
tackle the reachable set estimation problem for PPPSs. A
useful lemma is proposed, and two tractable sufficient condi-
tions are given in terms of linear matrix inequalities. The op-
timization of bounding region for reachable set can be solved
subject to four sets of constraints. The proposed approach
not only enables lower conservatism in PPPS reachable set
estimation, but also provides an intuitive route to tackle time-
varying parameter products with high powers. A complete
version of this work was presented in [9].
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---------- Case I, M;=1 —---Casel,M;=2 =—=—- Casel, M;=3 — State
Case 3, M;=1 Case 3, M;=2 Case 3, M;=3

Fig. 1: Bounding ellipsoids of reachable sets for Cases 1, 3

@5(t)

Case2, M;=1 —---Case2,M;=2 =—-—-= Case2, M;=3 — State
Case 4, M;= 1 Case 4, M;=2 Case 4, M;=3

Fig. 2: Bounding ellipsoids of reachable sets for Cases 2, 4
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